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Abstract
The &nite volume element method is a discretization technique for partial di3erential equations, but in
general case the coe5cient matrix of its linear system is not symmetric, even for the self-adjoint continuous
problem. In this paper we develop a kind of symmetric modi&ed &nite volume element methods both for
general self-adjoint elliptic and for parabolic problems on general discretization, their coe5cient matrix are
symmetric. We give the optimal order energy norm error estimates. We also prove that the di3erence between
the solutions of the &nite volume element method and symmetric modi&ed &nite volume element method is
a high order term. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
The &nite volume element method (FVE) is a discretization technique for partial di3erential
equations, especially for those that arise from physical conservation laws including mass, momentum,
and energy. FVE uses a volume integral formulation of the original problem and a &nite partitioning
set of covolumes to discretize the equations. Meanwhile, the approximate solution is chosen out of
a &nite element space [3,4,7]. FVE has been widely used in computational Auid mechanics and heat
transfer problems [11]. It possesses the important and crucial property of inheriting the physical
conservation laws of the original problem locally. Thus it can be expected to capture shocks, to
produce simple stencils, or to study other physical phenomena more e3ectively. FVE also has other
virtues, see, for example, [3–6,9] for details. For numerical analyses, they have given the optimal
 This research is supported by the National Natural Science Foundation of China (No. 10071044).
E-mail address: hxrui@sdu.edu.cn (H. Rui).
0377-0427/02/$ - see front matter c© 2002 Elsevier Science B.V. All rights reserved.
PII: S 0377-0427(02)00370-9
374 H. Rui / Journal of Computational and Applied Mathematics 146 (2002) 373–386
order H 1() error estimates. Under the assumption that u∈H 3(), Chou and Li [7] and Li et al.
[10], have given the optimal L2 norm error estimates for a special dual grid obtained by connecting
barycenters and medians.
But in general case the coe5cient matrix of the linear system obtaining from the &nite volume
element method is not symmetric. This introduces some di5culties in real implementations, the
method suitable to symmetric linear systems cannot be used in this case. In this paper we develop a
symmetric modi&ed &nite volume element method both for elliptic and parabolic problems, which is
obtained by adding a high order term to the traditional &nite volume element method. Its coe5cient
matrix is symmetric, so we can use any of the methods for solving symmetric linear system. For
elliptic problems we need one prediction and one correction, with the same symmetric coe5cient
matrix, and for parabolic problems at each time step we only need to solve the symmetric system
one time. For this method we give the optimal order energy norm error estimates. We also analyse
the di3erence between the solutions of our symmetric &nite volume element method and the &nite
volume element method described as in [3,4,10]. It is a high order term.
Throughout this paper we use C (without or with subscript or superscript) to denote a generic
constant independent of the discretization parameter. We also adopt the standard de&nitions and
notations of Sobolev spaces and their norms and seminorms as in [1,8].
2. Symmetric modied nite volume element method for elliptic problem
Consider the general self-adjoint elliptic boundary value problem as follows:
−∇ · (A∇u) + au= f x∈;
u= 0 x∈D;
(A∇u) · n= g x∈N; (1)
where  is a plane polygonal domain with boundary  divided into D and N , and meas(D)¿ 0;
f∈L2(), and a∈L∞() are given real-valued functions; A = (aij)2×2 is a real-valued symmetric
matrix and satis&es the following ellipticity condition: there exist two positive constants 1; 2¿ 0
such that:
1T6 TA6 2T; (2)
for = (1; 2)∈R2.
Let Th = {K} be a triangulation of  with the diameter size h. Its nodal points are denoted
by {zi}Mi=1, M = M1 + M2 + M3, the &rst M1 nodal points belonging to , the second M2 points
belonging to N and the last M3 points belonging to D. Based on this triangulation we construct the
usual piecewise linear conforming &nite element space [8],
Sh = {v∈C0(): v|K is linear ∀K ∈Th};
ShD() = S
h ∩ H 1D();
where H 1D() = {v∈H 1(): v= 0 on D}.
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Fig. 1.
Assume that Th is regular [2,8]: i.e., there exists a positive constant 0 independent of h, such
that, ∀K ∈Th,
K ¿0; (3)
where K denotes the smallest interior angle of K . Furthermore, to avoid unessential complexity, we
assume that no interior angle of any triangle in Th is larger than =2.
In order to give the descriptions of FVE, for each interior nodal points zi, we build a corresponding
covolume Vi as follows: choose any interior point or median, QK , of K ∈Th with zi as its vertex,
and connect it with the median of K [4]. Moreover, we also associate a corresponding boundary
covolume for each boundary nodal point. The covolume associated to zi is illustrated in Fig. 1.
Finally let T?h = {Vi}Mi=1 be the dual mesh.
We next give some de&nitions about the indices of nodal points. As given in [4,9], let
!i = {j: zj and zi are distinct vertices of some K ∈Th};
!= {(i; j): 16 i; j6M; j∈!i};
and $ij= @Vi ∩ @Vj with the unit outward normal vector nij (outward with respect to Vi); further, let
zij be the line segment connecting zi and zj, Mij is the midpoint of zizj, and | · | denote the Euclidean
length.





(A∇u˜ h) · n ds+
∫
Vi







The coe5cient matrix of this system is not symmetric, so we modify it and get a symmetric &nite






A dx; ∀K ∈Th; and LA|K = AK: (5)
376 H. Rui / Journal of Computational and Applied Mathematics 146 (2002) 373–386
























( LA− A)∇wh · n ds; (7)
and &nally set
uh = wh + rh: (8)




LA∇(uh − u˜ h) · n ds+
∫
Vi
a(uh − u˜ h) dx =−
∫
@Vi∩N
(A− LA)∇(wh − u˜ h) · n ds: (9)
Because the matrix of the linear system from (6) is the same as (7), we can adopt the same
preconditioner when using the conjugate gradient method, or the same LU decomposition when
using the Gauss elimination. It does not add much computation.
Remark 1. For each K ∈Th if we select a point xK ∈K and replace (5) by
LAK = A(xK); ∀K ∈Th; and LA|K = LAK; (10)
from the analysis given below we can get the same H 1 norm error estimates as in Theorem 5.
From the following lemma we know that the coe5cient matrix of (6), also of (7), is symmetric.





( LA∇u) · n ds v(zi) =
∫

A∇u · ∇v dx:





( LA∇u) · n ds v(zi) =
∫

LA∇u · ∇v dx:
Since ∇u;∇v are constants on K we can complete the proof.
For error estimates and uniqueness analysis we need some lemmas. The following lemma is
obvious:
Lemma 2. There exists a positive constant C0¿ 0 independent of h such that for v∈ ShD();
(i; j)∈!;
|vi − vj|6C0h min
K ′ ; K ′′
{|∇v|};
where K ′; K ′′ denote the two triangles with zizj as their edge.












































a∇v · ∇v dx:
































av(x)∇v · (x − xi) dx:
Here we use the fact that in any covolume Vi; ∇v is a piecewise constant and v(x)−v(zi)=∇v·(x−xi).
Since |x − xi|6 h; use Cauchy’s inequality we can complete the proof.
From the above lemmas we can get the uniform ellipticity of the &nite volume operator immediately.
Lemma 4. When h is su6ciently small there exists a constant C1; independent of h such that
a˜(v; v)¿C1‖∇v‖; ∀v∈ ShD():
Theorem 5. Let u be the solution of (1) and uh be the solution of (6); (7) and (8); u∈H 2() ∩
H 1D(). Assume that the triangulation Th is regular; then there exist two constants C2; C3 indepen-
dent of h such that
‖u− uh‖H 1()6C2h(‖u‖H 2() + ‖f‖L2());
and
‖uh − u˜ h‖H 1()6C3h2(‖u‖H 2() + ‖f‖L2()):
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Proof. From (1); (6) and Lemma 1 we get that










f∇v · (zi − x) dx:
Let hu be the interpolation of u and let v= uh − hu; we have





f∇(wh − hu) · (zi − x) dx
6Ch‖u− hu‖1‖wh − hu‖1 + Ch‖f‖‖wh − hu‖1
6Ch(‖u‖2 + ‖f‖)‖wh − hu‖1;
then by Lemma 4 we have
‖wh − hu‖16Ch(‖u‖2 + ‖f‖);
therefore
‖wh − u‖16 ‖wh − hu‖1 + ‖u− hu‖16Ch(‖u‖2 + ‖f‖):
From (6); (7) and (4) we have that




























K ′ ; K ′′






|∇(wh − u˜ h)‖∇v| dx;
where K ′; K ′′ denote the two triangles including $ij. Therefore let v= uh − u˜ h we have that
‖uh − u˜ h‖16Ch‖A‖1;∞‖∇(wh − u˜ h)‖: (11)
By the &rst inequality and the error estimates of u− u˜ h; see [9]; we have that
‖uh − u˜ h‖16Ch‖A‖1;∞(‖∇(u− wh)‖+ ‖∇(u− u˜ h)‖)6Ch2(‖u‖2 + ‖f‖0): (12)
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3. Symmetric modied nite volume element method for parabolic problem




−∇ · (A∇u) = f x∈; t ∈ (0; T );
u= 0 x∈D; t ∈ (0; T );
(A∇u) · n= g x∈N; t ∈ (0; T );
u(x; 0) = u0(x) x∈; (13)
where J = (0; T ) denotes the time interval, and other parameters are the same as in the last section.
Let Qt = T=N be the time increment, tn = nQt; un = u(tn), Dtun = (un − un−1)=Qt, w0h = u0h ∈ ShD
be the approximation to u0, such that
‖u0h − u0‖s6Ch2−s‖u0‖2; s= 0; 1: (14)




h ∈ ShD such that





















( LA∇rnh) · n ds=−
∫
@Vi−N







In this way at every time level we have to solve the linear system two times, if we use un−1h to
replace wnh then at every time level we need to solve the linear system only one time. Then the
















(A− LA)∇un−1h · n ds:
(18)

















(A− LA)∇(unh − un−1h ) · n ds: (19)
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From (19) we can see clearly that the symmetric &nite volume element scheme (18) is obtained by
adding a high order term
∫
@Vi−N (A− LA)∇(unh − un−1h ) · n ds to the &nite volume element scheme. At
the end of this section we will consider the di3erence caused by adding this term.
Now we consider the H 1 norm error estimate for the scheme (19), for this purpose we make the









|Vi|v2i 6C6‖v‖2 ∀v∈ ShD: (21)
Under these assumptions the solution of (19) is unique.
We know that this inequalities hold in the following two cases.
Case I: For any interior nodal point zi the covolume Vi is constructed by connecting the barycenters
and the medians of the elements with zi as its vertex (Fig. 1). In the element ziz1z2, Q1 is its
barycenter, M1; M2 are the midpoints of ziz1; ziz2, respectively. This case has been considered by
[7,10]. From [10] we have the following lemma.
Lemma 6. If the covolume Vi is constructed as above; then there exist three constants independent
of h such that assumptions (20) and (21) be satis9ed.
Case II. Suppose  is a rectangle. We construct the Friedricks-keller type triangulation Th as
following: First decompose  into equal-side rectangle with meshsize h1; h2 in x1; x2 direction, re-
spectively. Then divide each rectangle into two right triangles in the same direction (see Fig. 2). For
interior nodal points {zi} we construct the covolume {Vi} by connecting the medians of all elements
in Th.
Fig. 2.
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Then we can get
Lemma 7. For the triangulation as shown in Fig. 2; there exist three constants C4; C5; C6 such that
assumptions (20) and (21) hold.
Now we consider the error estimates for the symmetric &nite volume element method for parabolic




A∇u˜ n · n ds=−
∫
@Vi































(A− LA)∇Dten · n ds−Qt
∫
@Vi−N
(A− LA)∇(Dtu˜ n) · n ds: (25)





Dten dx Dteni −
∫
@Vi−N
( LA∇en) · n dsDteni = I1 + I2 + I3 + I4 + I5: (26)
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The terms on the right-hand side are obtained from the corresponding terms on the right-hand terms
of (25).










( LA∇en) · n dsDteni
¿C4‖Dten‖2 + 12Qt ((A∇e
n;∇en)− (A∇en−1;∇en−1)) + Qt
2
(A∇Dten;∇Dten): (27)

















































































(A− LA)∇en · n ds (Dteni − Dtenj ):
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Let K ′; K ′′ be the two triangles including $ij. Since on K ′; K ′′ ∇en and ∇Dten are constants, then∫
$ij











6 4‖Dten‖2 + C‖∇en‖2: (30)







(A− LA)∇Dten · n dsDteni
6ChQt‖∇Dten‖1‖∇Dten‖1
6C‖∇(en − en−1)‖‖Dten‖
6 4‖Dten‖2 + C(‖∇en‖2 + ‖∇en−1)‖2: (31)
Since ‖∇Dtu˜ n‖6C‖∇Dtun‖6C((1=Qt)
∫ tn







(A− LA)∇Dtu˜ n · n dsDteni
6ChQt‖∇Dtu˜ n‖‖∇Dten‖
6C‖∇(Dtu˜ n)‖‖Dten‖









Let 4= 110C4, from (26)–(32) we have that
n∑
j=1







Qt‖ej‖21 + C(Qt2 + h2): (33)
Since (A∇en;∇en) is equivalent to ‖en‖21, using Gronwall’s inequality we have
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Theorem 8. Let u; uh be the solutions of (13) and (18); respectively. Suppose that u is su6ciently
smooth and assumptions (20) and (21) hold. Then there exists a constant C independent of h;Qt
such that;
‖∇(un − unh)‖2 +
n∑
j=1
Qt‖Dt(uj − ujh)‖2 +
n∑
j=1
Qt2‖Dt(uj − ujh)‖216C(Qt2 + h2): (34)
Given u0B = u
0
h, suppose we use the &nite volume element method given as in [3,4,10] to solve














Now we consider the di3erence of unh − unB. Let e˜ n = unh − unB, by (19) and (35) we have that∫
Vi





(A∇e˜ n) · n ds=
∫
@Vi−N
(A− LA)∇(unh − un−1h ) · n ds: (36)





















(A− LA)∇e˜ n · n dsDte˜ni
=E1 + E2: (37)










( LA∇e˜ n) · n dsDte˜ ni
¿C4‖Dte˜n‖2 + 12Qt ((A∇e˜
n;∇e˜ n)− (A∇e˜ n−1;∇e˜ n−1)) + Qt
2
(A∇Dte˜n;∇Dte˜n): (38)
The estimates of the right-hand terms are similarly as above. Like (30) we have
E26 4‖Dte˜n‖2 + C‖∇e˜ n‖2: (39)






(A− LA)∇(unh − un−1h ) · n dsDte˜ ni
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6CQth‖Dtunh‖1‖Dte˜n‖1
6 12 Qt(A∇Dte˜n;∇Dte˜n) + CQth2‖Dtunh‖21: (40)















Since e0 = 0, and












‖ut‖22 dt + ‖Dtej‖21
)
;









‖ut‖21 dt + h2Qt
∫ T
0
‖ut‖22 dt + h2 + Qt2
)
6C(Qth2 + h4): (42)
Therefore we have
Theorem 9. Let unh; u
n
B be the solutions of (18) and (35); respectively. Under the assumption of
Theorem 8 we have that
‖unh − unB‖16C(Qt1=2h+ h2);
where C is a constant independent of h;Qt.
From this theorem we know unh − unB is a high order term.
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